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Abstract 



We define zeta-functions of weight lattices of compact connected semisimple 
Lie groups. If the group is simply-connected, these zeta-functions coincide with 
ordinary zeta-functions of root systems of associated Lie algebras. In this paper we 
consider the general connected (but not necessarily simply-connected) case, prove 
the explicit form of Witten's volume formulas for these zeta-functions, and further 
prove functional relations among them which include their volume formulas. Also 
we give new examples of zeta-functions for which parity results hold. 

1. The background and the motivation 

Let M be a compact 2-dimensional manifold, G a compact connected semisimple Lie 
group acting as a gauge group, and E a G-bundle over M. Motivated by 2-dimensional 
quantum gauge theories, Witten [36J evaluated the volume of the moduli space M of 
flat connections on E up to gauge transformations. Such a result can be regarded as 
a limit of Verlinde's formula [34J when M is orientable, but Witten developed a more 
elementary method, based on the decomposition of M into three-holed spheres. The 
result is now called Witten's volume formula, which expresses the volume of M in terms 
of special values of the Dirichlet series 



where ip runs over all isomorphism classes of finite dimensional irreducible representa- 
tions of G. 

Let g = Lie(Gr) be the Lie algebra of G, and define 



where the summation runs over all isomorphism classes of finite dimensional irreducible 
representations ip of 3. When G is simply-connected, then there is a one-to-one cor- 
respondence between ip and ip. In fact, each ip is the differential of a certain ip, and 
so 



Zagier |37j formulated the series (|1.2p and called them Witten's zeta-functions (see also 
Gunnells-Sczech [5j). Witten's volume formula especially implies 
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for k £ N, where n is the number of all positive roots of g and CV(2A;,g) is a rational 
number. 

Before proceeding further, here we fix several notations. Let N be the set of positive 
integers, No = N U {0}, Z the ring of rational integers, Q the rational number field, M. 
the real number field, C the complex number field, respectively. 

Let A be the set of all roots of g, A + the set of all positive roots of g (hence 
n = |A_|_|), \& = {ai, . . . ,a r } the fundamental system of A, qJ the coroot of ay (1 < 
j < r). Let Ai, . . . , A r be the fundamental weights satisfying {a( , Xj) = Xj^a)*) = 5ij 
(Kronecker's delta). 

When g = s[(2), the corresponding Witten zeta- function is nothing but the Riemann 
zeta- function £(s) and (|1.4p implies Euler's well-known formula for C(2^)- Gunnells 
and Sczech [5] introduced a method of computing CV(2£;,g), and explicitly evaluated 
C w {2k,s\{n)) for n > 2. 

In |17| . the authors introduced the multi- variable version of Witten zeta-function 

oo oo 

(1.5) Cr(s;g)= J2 II (a V ,m 1 X 1 + --- + m r X r )- Sa , 

m\=l m r =l agA_(. 

where s = (s a ) a& A + £ C n . When g is of type X r , where X = A,B, C, D, E, F, or G, we 
call (|1.5p the zeta-function of the root system of type X r , and denote it by £ r (s; X r ). 
Putting 

(1.6) K(g) = H (a v ,X 1 + --- + X r ), 

and using [T71 (1.5) and (1.7)], we see that 

(1.7) K(Q) s ( r (s,...,s;Q) = ( w (s;Q). 

In |18| . the authors introduced a root-system theoretic generalization of Bernoulli 
numbers and periodic Bernoulli functions, and express CV(2A;,g) explicitly in terms of 
generalized periodic Bernoulli functions IP(k, y; A). Therefore we now have sufficiently 
explicit information on formula (jl.4p . Moreover, in |12t W$\ \18\ \19\ \21\ [32], we proved 
various functional relations among zeta- functions (|1.2|) . which include evaluation for- 
mulas like (|1.4p as special cases. 

However the group G is not necessarily simply-connected in Witten's paper |36j . 
(In fact, this point is emphasized by Witten himself in p. 182 of |36j.) When G is not 
simply-connected, relation fjl .3|) does not hold. It is the aim of the present paper to 
consider such situation; that is, to study the zeta-functions and volume formulas in the 
sense of original formulation of Witten. 

For this purpose, we introduce the multi- variable version of Cw{ s ]G). From (jl.5p 
we see that the multi- variable version of (w{s]d) can be regarded as the zeta-function 
of the weight lattice of g. Similarly, in the present paper we will define a multi- variable 
zeta-function of the weight lattice of G. Actually this zeta-function, defined in Section 
El is a partial sum of £ r (s;g). The volume formula for this zeta-function is given as 
Theorem 13.21 which gives an explicit formula for the values of this zeta-function at 
s = 2k, where k = (fc a ) a gA + £ N n satisfying k a = kp if a and /3 are of the same length. 
As explicit examples, in Section HI we consider the cases of A r , B r and C r types (r < 3), 
and evaluate the associated zeta-functions in these cases. 
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Since Theorem 13.21 is a formula for s = 2k, it is not useful when we consider the 
values at odd integer points. In order to study such cases, in Sections [51 we give some 
functional relations among zeta-functions of A2 and C2(— B2) types. Those relations 
produce explicit formulas for special values of zeta-functions at some points of the form 
s = 1 = (l a )aeA + , where l a G N and some of them are odd. Those results include not 
only evaluation formulas given in Section [J] but also another type of evaluation formulas 
which can be regarded as certain extensions of the previous results in |14[ 1261 1291 [32] . 
In Section [61 we consider, what is called, parity results for zeta values of A2 and C2 
types. We prove that parity results hold for the zeta-functions associated with the 
groups PU(3) and PSp(2). 



2. A general form of zeta-functions 

We begin our theory with the definition of rather general form of zeta-functions. We 
use the same notation as in [151 El E] ( see a ls° [El El El E] ) • For the details of 
basic facts about root systems and Weyl groups, see [3 El [7]. 

Let V be an r-dimensional real vector space equipped with an inner product (•,•). 
The norm ||-|| is defined by = (v,v) l l 2 . The dual space V* is identified with V 
via the inner product of V. Let A be a finite reduced root system which may not be 
irreducible, and = {ax, • • • ,a r } its fundamental system. We fix A + and A_ as the 
set of all positive roots and negative roots respectively. Then we have a decomposition 
of the root system A = A + ]J A_ . Let Q = Q(A) be the root lattice, Q v the coroot 
lattice, P = .P(A) the weig ht lattice, P v the coweight lattice, P+ the set of integral 
dominant weights and -P++ the set of integral strongly dominant weights respectively 
defined by 



t ■ 



(2.1) Q = Zai , QV = Za v 

i=l i=l 
r r 

(2.2) p = 0ZA,, P v = 0ZA> 

8=1 i=l 
r r 

(2.3) P+ = 0N o A i , p ++ = 0NA,, 

1=1 8=1 

where the fundamental weights {Aj}^ =1 and the fundamental coweights {Aj}^ =1 are 
the dual bases of ^ v and * satisfying (a^ , Xj) = dij and (A^,ay) = Sij respectively. 
A coweight fx G P y is said to be minuscule if < (/x, a) < 1 for all a G A. It is 
known that a minuscule coweight is one of fundamental coweights and as a system of 
representatives for P v /Q v , we can take {0} U {Ajj^gj, where J is the set of all indices 
of minuscule coweights. 
Let 

(2-4) P = ^E" = I> 

aeA + j=l 

be the lowest strongly dominant weight. Then -P++ = P+ + p. Let a a be the reflection 
with respect to a root a G A defined as 

(2.5) a a : V — > V, a a : v 1— > v — (a v ,v)a. 
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For a subset A C A, let VF(^4) be the group generated by reflections a a for all a £ A. 
In particular, W = W(A) is the Weyl group, and {aj = a aj | 1 < j < r} generates W. 
For w G W, denote A m = A + n uT^A-. 

Let Aut(A) be the subgroup of all the automorphisms GL(V) which stabilizes A. 
Then the Weyl group TV is a normal subgroup of Aut(A) and there exists a subgroup 
SI C Aut(A) such that Aut(A) = Q K W . The subgroup Q, is isomorphic to the group 
Aut(r) of automorphisms of the Dynkin diagram T (see [61 Section 12.2]). 

For a set X, denote by 3(X) the set of all complex valued functions on X. For a 
function / G $(P), we define a subset 

(2.6) H f = {A G P | /(A) = 0} 

and for a subset A of 5(P), define Pa = [j j eA Hf. Note that an action of W is induced 
onS(P) as (w/)(A) = /(ti^A). 

Let / G 3(P/Q). Since P V /<2 V is regarded as the dual of P/Q over Q/Z, / can be 
expanded as follows: 



(2-7) /(A)= £ /(» e 



27ri(/j,A) 



where ( , ) is regarded as an inner product on P v /Q v , and / : P v /Q v — > C is given by 

1 

\PjQ\ 



(2-8) /M= 1 £ /(A)e- 2 ^, 



AeP/Q 

because for i/ G P y /Q y we have 

(2.9) e 27ri <"' A > = |P/Q|^, . 

AeP/Q 

Note that / is automatically ^-invariant because for A G P we have <J a (\) = A — 
(a v ,A)a = A (mod Q). 

For s = (s a ) G C n , y G V and / G $(P/Q), we define 

(2.10) C,(s,y,/;A)= /(A)e 2 -^ T^W' 

AeP++ «eA + x ' 1 

Note that ( r (s,y, 1;A) was already studied in our previous work (see [151 Section 3], 
[T8l Section 4]). When A = A(X r ) = A(g) is the root system attached to g of type X r , 
then Cr(s, 0, 1; A) coincides with Cr(s; fl) (see (|1.5p ). For w G Aut(A), define the action 
of w on £ r by 

(2.11) « r )(s, y, /; A) = Cr(w~\ w^y, w^f; A), 

where w~ 1 (s) = (s lUQ ,) Qg A + (if wa G A_, we identify it with —wa). Then it is easy to 
see that for w G Aut(r), 

(2.12) « r )(s,y,/;A) = Cr(s,y,/;A). 



4 



Remark 2.1. Why the exponential factor e 2m ( y ' X ^ is included in the definition (|2.10p ? 
This is analogous to the Lerch zeta-function 



(2.13) </>(s,a) = J2 



171° 
m=l 

It is clear that the form (|2.1U|) with an exponential factor is useful in the study of 
multiple series with twisting factors, such as the series discussed in Example 14.11 and 
Remark 14.21 or multiple L-functions with Dirichlet characters [13]. Moreover, using y 
we can simplify our argument in various places. In the argument below, (|2.14p . (|2.19p 
etc. are impossible to show without using y. 

Remark 2.2. It is to be noted that we may regard y G V/Q v in (|2.10p . This is because 
when a £ Q v we have (a, A) G Z, hence e 27ri ( y+a ' X *> = e 27ri < y ' A \ for any A G 

Proposition 2.3. The function £ r (s,y, /;A), as a function in s, can be continued 
meromorphically to the whole space C n . 

Proof. By use of the expression (|2.7|) . with noting Remark 12.21 we obtain 

«s,y,/;A)= •£ £ me'^e^ \[ ^J— 
AeP++^eP v /Q v qgA+ x ' 1 

(2.14) = E /w E ***** n 

m£P v /Q v AeP ++ oeA+ x ' ' 

= E 7(M)Cr(s,y + M,i;A). 

A*6P V /Q V 

In |15|. section 8], we showed that £ r (s,/i, 1;A) can be continued meromorphically to 
the whole space, hence, so can be Cr( s , 0, /; A) from (|2.14p . More generally the recent 
result of the first-named author in [11] gives that £ r (s, y, 1; A) (y G V) can be continued 
meromorphically, so can be Cr( s ,y,f] A) from (|2.14p . □ 

Let 

(2.15) 5(s,y,/;A)= £ /(A)e 2 "^ A > [] T^V' 

Then, in the same way as in the case of zeta- functions, we obtain 

(2.16) S(s,y,/;A) = E f(ji)S(s, y + /x, 1; A). 

M£P V /Q V 

Here we recall the generalized periodic Bernoulli functions 5 > (k, y; A) associated 
with A as follows (for the details, see [181 Section 4]). For k = {k a ) a& & + G Ng and 
y G V (or G V/Q v ), we define 



y(k,y;A)= /.../( U B ka {x a )) 

JO JO V JT V,T, 7 



(2.17) 



(»eA + \* 



\=1 aeA+V* ' aGA+V* 
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where {-Bfc(x)} are the classical Bernoulli polynomials defined by 

fpXt °° fk 

k=0 

Then we have already obtained 

(2.18) S(k,y 5 l;A) = (-ir( J] W Y\ A) 

for k G (N>2) n (see [181 (4-19)]). This function y(k, y;A) may be regarded as a 
generalization of the periodic Bernoulli function and Bj^A) = T(k, 0; A) the Bernoulli 
number. 

Note that Szenes [23 \ :25J also studied generalizations of Bernoulli polynomials from 
the viewpoint of the theory of arrangement of hyperplanes, which include 5 > (k, y; A) 
mentioned above. 

Suggested by (|2.16p . we define generalized Bernoulli functions associated with / 
and A by 

(2.19) 0>(k,y,/;A) = £ /Wk,y + W A). 

^eP v /Q v 

Then by (I2T6D . (f2T8l) and (l2~T9]l . we have 

(2.20) S(k, y, /; A) = (-1)" ( J] ^(k, y, /; A) 
for k G (N> 2 ) n . 

In [TBI Section 9] and [TS1 Section 3] we constructed the generating function of 
5 > (k, y; A), which is 



(2.21) F(t,y;A)= £ 3>(k,y;A) J\ 



keN™ aGA_ 



i\j a . 



Since F(t, y; A) can be evaluated explicitly ([151 Theorem 4.1]), we can evaluate 5 (k, y+ 
/i; A) from the expansion of F(t,y;A). In particular we find that !P(k, ^x;A) G Q for 
any p G P v /Q v . 

Theorem 2.4. For s = k = (k a ) aGA+ G N^ 2; y G V and f G $(P/Q), 
(2.22) 

£ ( II (-l^C^k^V./lA) = (-!)«( n ^)y(k,y,/;A). 

wgVK aeA + ntoA_ ' \*eA+ a ' ' 
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Proof. Since P \ H^v = \J W&W w(P ++ ), we have 

S(s,y,/;A) = £ /(A)e™<**> J[ 

\eP\H A v «eA+ x ' 1 

= Y V f(w\)e 2m ^ TT r--\— 
(2 23) wGW\eP++ «6A + ^ ' 1 

= E E (--vxa)^- 1 ^) jj 



u>eW/"AeP ++ ceA + N ' ' 

= E( II {-^r Sa )Cr(w-\w- l y,w- l f-/\), 

where the last equality follows by rewriting a to wot, and when a 6 — A m = u) _1 A + nA_ 
further replacing a by — a (see the proof of Theorem 4.3 in |18j). 

Combining (|2.20p and the VF-invariance of /, we have the result. □ 

In the following sections, we treat some special cases. Let A C P with A + Q = A. 
Let i£ : P — >■ {0, 1} be the characteristic function of A defined by 



(2.24) u(A) 



1 (A e A), 
(A A). 



Then ij\ can be regarded as a function on P/Q. Hence (|2,7p and (|2.8p implies that 
(2.25) U (A)= E ^)e 2m ^ X \ 

where iyj. : P v /Q v — > C is given by 

(2.20) aM = ^ £ M(A)e-^> = ^ £ .—<**>. 



3. Zeta-functions of weight lattices of Lie groups 

Now we define zeta-functions of weight lattices of Lie groups. Let G be a simply- 
connected compact semisimple Lie group, and g = Lie(G). There is a one-to-one 
correspondence between a connected compact semisimple Lie group G whose universal 
covering group is G, and a lattice L with Q(A(g)) C L C P(A(g)) up to automorphisms 
(see Remark I3.3P by taking L = L{G) as the weight lattice of G. Let L + = P + n L. 

We define the zeta- function of the weight lattice L = L(G) of the semisimple Lie 
group G by 

(3.1) C r (s,y;G)=C,(s,y;L;A):= £ e 2 -(^) [] 

This is the case / = lji, A = L + p and A of (|2.10p . and so, by Proposition 12.31 we 
see that this zeta-function can be continued meromorphically to C™. When y = 0, 
we sometimes write this zeta-function as ( r (s;G) or £ r (s;L; A) for brevity. It is to be 
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noted that if G = G, then L = P and Cr(s; G) coincides with Cr(s;0) defined in Section 

m 

For any lattice M, we define M* = Hom(M,Z). Since Q* = P v and P* = Q v , 
from Q C L C P we obtain 

(3.2) P v = Q* D L* D P* = Q V . 

We define 

(3 - 3) W(M) = | Q (^^/gv). 

Proposition 3.1. Let L be a lattice satisfying Q C L C P . For fi 6 P v /Q v , we Ziaue 
(3-4) ££T„(/i) = ip /L | frw (m) e Q- 



Proof. We have 



^ e -2 7 ri( At ,A> = (_-Q<M,2p> ^ e -27ri(/.,A>^ 
Ae(L+p)/Q XeL/Q 



Note that (-l)^,2p> G { 1; _ X } due to p G q/ 2 . We obtain 

-27ri(p,A) 



AeL/Q 

Therefore (|2.26p gives 



f|L/Q| (m€L*/Q 
\0 (a* £ L*/Q 



^(m) = (-i) < ^ > {^|^/qv(m)- 



In particular 

(3-5) ^ ( ^ ) = ^W S ^" W> =Vo 

and 



(3 - 6) ^ M = w/q\ , T-„f 2m{ "' x) = iw 



/2 AA)_ (-l) ( ^ 

Ae(Q+p)/Q 
We define 

(3.7) y(k,y;L;A) =y(k,y, iL+p ;A). 

Note that since -P/£ ~ L* /Q y ~ 7Ti(G), this can also be written as 

(3.8) y (k , y;L;A ) = ^— (-I) (ft2p> ?(kj + WA) 



□ 
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by (12391) and Proposition EZQ 

We can compute CP(k, y;L;A) explicitly by (|2.19p . In particular, combining with 
fl55D we have for v G P v /Q v , 



(3.9) 7(k, u; L; A) G Q. 
From this fact we can deduce the following. 

Theorem 3.2. For a compact connected semisimple Lie group G, let A = A(G) be its 
root system, and L = L(G) be its weight lattice. Let k = {k a ) a ^^ + G N n (n = |A + |) 
satisfying k a = kp whenever \\a\\ = Let k = X^eA 2k a . Then we have for 

*/gp v /q\ 

Cr(2k,^;G) =Cr(2k,z.;L;A) 

(3.10) ( TT (27ry^T) 2fe " 



M (n ^P)^,^;A)gq.. 

Proof. By Theorem 12.41 with s = 2k and y = v, we obtain 

^ Cr(w-\2k),w- 1 ^L;A) = (-l) n ( J] (27r ^7 )fc " V(k,y;L;A). 



v^" v — 
fej 



Since roots of the same length form a single Weyl-orbit and w v = v (mod Q v ), the 
left-hand side of the above is 

Cr(2k,^;L;A) = \W\( r (2k,v; L; A). 
The assertion follows from this and (13.91). □ 



This theorem is the explicit form of the volume formula for the zeta-function of the 
lattice L = L(G). In the case when L = P, ()3.10j) coincides with our previous result in 
[IH1 Theorem 4.6]. 



Remark 3.3. The correspondence between Lie groups and lattices is a well-known 
fact, but here we sketch the demonstration for the convenience of readers. Let G 
be a compact connected semisimple Lie group, whose universal covering group is G. 
There is a one-to-one correspondence between isomorphism classes of finite dimensional 
irreducible representations of G and dominant analytically integral forms (for example, 
[101 Theorem 5.110]). The set of dominant analytically integral forms produces a 
sublattice L = L(G) of the weight lattice (or the lattice of algebraically integral forms) 
P of g, and L Includes the root lattice Q ( |IU1 (4.63)]). In particular L(G) = P. 
Conversely, let G be a simply-connected Lie group, g = Lie(G), and let L be a lattice 
satisfying Q = Q(A(g)) C L C P = P(A(g)). Then (221) holds. Since P v /Q v is 
isomorphic to the center Z of G by the mapping 

$ : P v B [i exp^(27ri//) G Z 

(where exp^ means the exponential mapping associated with G), we may regard L*/Q v 
as a subgroup of G. Define G = G/{L* /Q y ). We show that the lattice corresponding 
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to G is L. Write L\ = L(G). Take a maximal torus K of G, and t = Lie(G). Let 
A G L and H £ t with exp G (PT) = 1. The last condition implies expg(ii) G <J>(L*), so 
if G 2vuL*, X(H) G 2vriZ. Therefore A G L x by [10, Proposition 4.58], hence L <Z L x . 
On the other hand (L* : Q v ) = (£* : P*) = (P : Li), but the right-hand side is equal 
to (L* : Q y ) by [10, Proposition 4.67]. Therefore (L* : Q v ) = (L* : Q v ), and we can 
conclude that L\ = L. 



4. Explicit forms of zeta-functions 

In this section, we will give several examples of explicit forms of zeta-functions defined 
by (|3.ip . When L = P, the zeta-function is nothing but £ r (s;0), so our main concern 
is the case P ^> L D Q. 

Example 4.1. We first study the case of A2 type. Let A = A (^2) with ^ = {ai, a 2 }, 
A + = {a%, «2j 011 +02}, P = 1>\\ + ZA2, Q = Zcti + Zo!2) and p = Ai + A2. It is known 
that (P : Q) = 3 (see [3J Planche]). Therefore the only lattice L with P 2 £ ^> <5 is Q- 
Then Q+ = P+ n Q. We show 

(4.1) Q + + p = {miAi + m2A2 | m\,m2 G N, m\ = 771,2 (mod 3)} . 
To show this, first note that 

2 1 12 

(4.2) Ai = -ai + -a 2 , A 2 = -«i + -a 2 . 

In fact, write Ai = ua\ -\-vo%. Since a( = 2ai/ {01,04) and {a( ,Xj) = 5ij, we have 

2 

1 = (ati , Ai) = r(u(ai,ai) + v {0.1,0.2)) = 2u-v, 

and = (a^Ai) = — u + 2v, from which we obtain u = 2/3, v = 1/3, so Ai = 
(2/3)«i + (l/3)a 2 - The case of A2 is similar. 

Let A = miAi + m 2 A2 G Q+ + p (mi, 1112 G N). Then A — p = ri\\\ + 772A2 G Q+, 
where rij = rrij — 1 (j = 1, 2). From (|4.2p we have 

2ni + n 2 ni + 2ra 2 
niAi + n 2 A 2 = o\ H a 2 - 

Since this belongs to Q, we have (2m + n 2 )/3 G Z and (ni + 2n 2 )/3 G Z, which are 
equivalent to n\ = ri2 (mod 3). This implies (|4,ip . 

The simply-connected group G in the A2 case is SU{3). Let Z be the center of G. 
The group corresponding to Q is G/Z, which is the projective unitary group PU{2>). 
The zeta-function corresponding to P is 

(4.3) C2((si ! s 2 ,s3) ! y;5C/(3)) = C2((si,s2,s3),y;P;^2)= V — 

Z / m Al 



m Sl n S2 (m + n) S3 ' 



which, when y = 0, is the classical Mordell-Tornheim double sum. In the case y 
Ay = |ai + \o2, we have 

2m+n 



(4.4) C2((si,S2,a3),A£Stf(3))= V — 



m Sl n S2 {m + n) S3 
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where g = e 27 ™/ 3 is the cube root of unity. The zeta-function corresponding to Q is, by 

and (53)' 

C2((si,s 2 ,s 3 ),y;P[/(3)) = ( 2 ((si, s 2 , s 3 ), y; Q; A 2 ) 

g27ri(y,A> e 27ri(y,mAi+nA 2 > 

= as^+p K ' A > S1 (^PFK + «2 , a) sa = raSlnS2 ( m+n ) S3 ' 

m = n (mod 3) 

This can be regarded as a kind of "partial zeta-function" of A 2 type, the double analogue 
of the partial (Riemann) zeta-function. 

For y = y\a\ + y 2 ot2 , we can compute y(k,y;^4 2 ) from their generating function 
given by 

F(t ' y; ^ 2) = t 3 -*i-*2 e'i-1 e *-l 

+ i 2 + *i - h e* 1 - 1 e*3 - 1 

ti t 2 e*2(i-{yi-j/ 2 }) i 3 e%{2/i} 

+ *i + t 2 - t 3 e* 2 - 1 e*a - 1 ' 
where {•} denotes the fractional part (see [HI Section 9]). For example, we have 

(4.7) D>((2,2,2),y;40 = ^ + ^({l/l} - {lA - 2/2> - fe}) 

+ 7^("{yi} 2 " 2 {yi " y^Hvi} + - 2/2} 2 - to} 2 + 2{yi - y 2 }{y 2 }) 
+ ^("{yi} 3 + Hvi ~ V2}{yi} 2 + 3{y 2 } 3 + 3{ yi - y 2 }{y 2 } 2 ) 

+ ^({yi} 4 - %i ~ V2}{yi} 3 - Hvi - y 2 } 2 {yi} 2 



- 5{y 2 } 4 - 10{ yi - y 2 }{y 2 } 3 - 3{ Vl - y 2 } 2 {y 2 } 2 ) 



+ ^({yii - 5 {2/i - 2/2}{yi} 4 + 10{yi - y 2 Y{yi} 

+ 5{y 2 } 5 + 15{j/i - y 2 }{y 2 } A + 10{yi - y 2 } 2 {y 2 } 3 ) 

+ ^(-{yi} 6 + 4 {yi - V2\{yif - Hvi - V2} 2 {yi} A 

- te} 6 - 4{yi - y 2 }{y 2 } 5 - 5{vi ~ y 2 } 2 fe} 4 ) 
(see [HI (9.13)]). Hence, when y = 0, it follows from (pJ9|) and (02]) that 

187 



0>((2,2,2),O;Q;A 



2, 



2755620 

Therefore we obtain from Theorem 13.21 that 

°° 1 187 

(4-8) C 2 ((2,2,2);PC/(3))= £ ^ = ^^ 6 - 

m,n — 1 x ' 



m — n (mod 3) 



Similarly we can compute 



(4.9) C 2 ((4, 4, 4); P£/(3)) = vr 12 , 

v ; wu ' ' ; ' v " 48475988686125 



11 



(4.10) < 2 ((6, 6, 6); PE/(3)) = 53109402098 

y 1 s u ' ; v n 3020275543157103456225 

178778564412743 24 

(4.11) C2((8,8,8);PC/(3)) - 3 9097800024794787744890296875 ■ 

Also, in the case y = X\ = |«y + |«2 ( see Q4.4p ). that is, (2/1,2/2) = (353)) we can 
similarly obtain 

53 

(4.12) C2 (( 2 ,2,2),Ar;5^(3)) = ^-^^ 

(4.13) ^4,4)^^5^(3))= ^^ ^ 

(4,4) C 2((6,6,6),AV ; ^(3)) = S0SN ^^ mm ^ 

Ui*\ r ((* qtj ( q\ \ - 1012923518531597 24 

(4.15) C 2 ((8,8,8),A 1 ,5C/(3)) - 221554200140503797221045015625 * • 

Note that from the definition, we can confirm 

C 2 ((2p, 2p, 2p), X(;SU(3)) = C 2 ((2p, 2p, 2p), A^; 5C/(3)) (p € N), 
C 2 ((2p, 2p, 2p), A^ ; PU(3)) = C 2 ((2p, 2p, 2p), A^; PC/(3)) 

= C 2 ((2p,2p,2p),0;PC/(3)) (p € N). 

In the next section, we will prove certain functional relations for C2( s , 0; PU(3)) includ- 
ing gSD-gH]). 

Remark 4.2. In [23, Section 5], Subbarao and Sitaramachandrarao proposed a problem 
of evaluating the double series 

00 1 wm— 1 00 ( -\\m+n 

y -4rr — u:> t -4^r — ^ (*eN). 

' m K n K (m + n) K m K n K (m + n) K 

m,n=l m,n=l ' 

As for the case of odd k, the third-named author evaluated each series in terms of 
values of ((s) (see [271 [28]). The case of even k is still open. It follows from ()4.4|> that 
the above formulas (|4.12p - (|4,15p imply certain answers to a problem analogous to that 
of Subbarao and Sitaramachandrarao. 

Example 4.3. We consider the ,3 type. Let A = A (.A3) with \£ = {a±, ct2, as}, 

A + = {ai, Q2, as, ai + «2, 02 + 03, «i + «2 + 03}, P = S?=i anc ^ Q = Sf=i ^ a j- 
Analogously to ()4.2p . we have 

/„ ^ X 3 1 1 1 1 1 1 3 

(4.16) Ai = -ai + -a 2 + -as, A 2 = -«i + «2 + -03, A 3 = -a x + -a 2 + -a 3 . 

It is known that P/Q — Z/4Z (see [3]). Therefore there is a unique intermediate lattice 
L\ with P D Li D Q, satisfying (Li : Q) = 2. The group corresponding to P (resp. Q) 
is 5*7(4) (resp. Pf/(4)). The group G = G(L X ) is 5C/(4)/{±l}, which is known to be 
isomorphic to 50(6). 

We know (see [IT]) that 

(4.17) C 3 (s,y;5?7(4)) =C 3 (s,y;P;A 3 ) 



12 



p 2ni(y,mi\i+m2\2+m,3\3) 

E 



mi ,m2 ,m,3 - 



^ m*i morn's {m\ + m 2 ) S4 (m 2 + ?7i3) S5 (m.i + m 2 + m3) Sfi 



Note that £3(8, 0; 577(4)) = C 3 (s;.4 3 ) (see [21]). For example, similarly to ([477]) . we can 
compute 5 ((2, 2, 2, 2, 2, 2), y; A3) from the generating function which was already given 
in [15} Example 2], though it is too long to write it here. Hence we can obtain from 
(l2~T9ll that 

n(2,2,2,2,2,2),Ay;P;A 3 ): 193m '' 7 



14283291230208000 
where A^ = + + i a 3 - Therefore we obtain from Theorem 13.21 that 

(4.18) Cs((2, 2, 2, 2, 2, 2), A^ ; S77(4)) = Ca((2, 2, 2, 2, 2, 2), Ai ; P; A 3 ) 

= £ 



// 

mi ,m,2,m3 

19329337 



m\m^m^{m\ + m 2 ) 2 (m 2 + m3) 2 (mi + m 2 + m 3 ) 



^-12 



2678117105664000 
Concerning L\ and Q, similarly to (|4.ip . we can show 

3 



(4.19) (L 1 ) + + p=\J2 m i X 



rrij) E N 3 , vn\ = m 3 (mod 2) 

3 



(4.20) Q + + p=^m i A j 



wij) G N 3 , mi + 2m 2 + 3m 3 = 2 (mod 4) } . 



In fact, letting A = 5^|=i m j"\? e Q+ + P ( m j ^ N), we have A — p = X/j=i n j^j e 
where = mj — 1 (1 < j < 3). From (|4.16p we have 

3 

E, 3ni + 2n 2 + n 3 ni + 2n 2 + n 3 m + 2n 2 + 3n 3 
n i A i = 4 «i + 2 " 2 4 a3 ' 

i=i 

which belongs to Q. Therefore 

(i) 3m + 2ra 2 + n 3 = (mod 4); 

(ii) n\ + 2n 2 + n 3 = (mod 2); 

(iii) ni + 2n 2 + 3n 3 = (mod 4). 

We see that (iii) implies 

(iv) n\ = ?i-3 (mod 2), 

which automatically implies (ii). Moreover we find that (iii) and (iv) imply (i). There- 
fore the only essential condition is (iii) , which is equivalent to the congruence condition 
in (O0]l . 

Next, define the homomorphism rj : P = Z 3 — > Z/4Z by 

7?(ni,n 2 ,n 3 ) = n\ + 2n 2 + 3n 3 (mod 4). 



13 



Then from the above argument we find that Q = Ker r\. Let L\ be the set of all 
(ni,n 2 ,n 3 ) satisfying n\ = n 3 (mod 2). Then {0} C r](L*) C Z/4Z, hence Q C I] C P, 
Therefore should be equal to L\, which implies (|4.19p . 

Let y = yia\ + y 2 a^ + y^a^. From (grTgJ) and (|4T2"0j) we obtain 



(4.21) C 3 (s,y;50(6)) =C 3 (s,y;Li;A 3 

oo 

= E 



e 27ri(y,miAi+m2A2+m 3 A3} 



m l ' m 2 ' m 3 
7711=7713 (mod 2) 



! m^m^mg^mi + m2) S4 (ni2 + m3) S5 (mi + 7772 + m3) S6 



(4.22) 

C 3 (s,y;PC/(4)) = C 3 (s,y;Q;^ 3 ) 

oo 

E 



e 27n(y ) miAi+m 2 A2+m3A3) 



m l : m 2 ' m 3 — 1 

mj +2m2 +3m3 =2 (mod 4) 



mfm^m^mi + m2) SA {m2 + m 3 ) s 5(mi + 777-2 + m 3 ) S6 



Example 4.4. We consider the case of B r and of C r types. The simply-connected 
group G in the B r case is the spinor group Spin(2r + 1), and G/Z = 50(2r + l), where 
Z is the center of G. In the C r case G = Sp(r), and G/Z is the projective symplectic 
group PSp{r). From [171 [HI [18] , we already gave that 

C 2 (s, y; ^(5)) =Ca(s,y;P;S 2 ) 

x e 27ri(y,miAi+rfi2A2) 



E 



C 2 (s,y;5p(2)) = C 2 (s, y; P; C 2 ) 

N e 27ri(y,m.Ai+nA 2 ) 



E 



' m/m^fmi + moY 3 (mi +27719) 

mi,m2=l 1 ^ 

C 3 (s,y; 5^(7)) =C 3 (s,y;P;P 3 ) 



S4 



oo 



, . „27ri(y,mi Ai+m2A2+m,3A3> 

E 



11 

mi,m2,m3 

1 



_^ mj'm^mj'fmi + m2) S4 (m2 + m 3 ) S5 (2m2 + m 3 ) S6 



x 



(mi + 771-2 + 777, 3 ) S7 (mi + 2777,2 + 777 3 ) S8 (2mi + 2771-2 + 77l 3 ) S9 ' 

C 3 (s,y;5p(3)) =C 3 (s,y;P;C 3 ) 



x 3 27rj(y,miAi+m2A2+m3A3} 



E 



m^m^TTI-g 3 (mi + 7Tl2) S4 (77l2 + 771 3 ) S5 (77I2 + 2m 3 ) J 



mi,m 2 ,m3 

1 



X 



(mi + 7712 + m 3 ) S7 (mi + 777-2 + 2m 3 ) S8 (mi + 2m2 + 2m 3 ) £ 



We know that (P : Q) = 2 in the case of B r and of C r types (see |3j). Therefore the 
lattice L with P D L D Q coincides with P or Q. We show 

Q+(B 2 )+p = l^mjXj (in/) t H 2 . »? 2 = J (mod 2) 
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Q + (C 2 )+p= < 
Q+{B 3 ) +p = I J2 m i X . 



3=1 

./ 



(rrij) € 1 1'". //; i = I (mod 2) 
(nij) e N a , m 3 = 1 (mod 2) 



rrij) E N 3 , mi = 777.3 (mod 2) V . 



Q+{C 3 ) +p = I Y, m i X 
[j=l 

In fact, we consider, for example, the case of B 3 . Analogously to Examples 14.11 and 14.31 
we have 

1 3 

(4.23) Ai = a\ + «2 + "3, A2 = ai + 2a 2 + 203, A3 = -a\ + 0.2 + -a 3 . 

Let A = Y^j=i m j x j e Q+ + P ( m j e N). Then X — p = Y^=i n j X j e Q+> where 
77j = mj — 1 (1 < j < 3). it follows from (j4.23j) that 

2?ii + 2n 2 + n 3 2ni + 4n 2 + 3n 3 
A — p = ai + (ni + 2n 2 + n 3 )a 2 H a s , 

which belongs to Q. Therefore 77.3 = (mod 2), that is, 777,3 — 1 (mod 2). The cases of 
B 2 , C 2 and C3 can be similarly treated. 
Therefore we obtain 

(4.24) C 2 (s,y;50(5)) = ( 2 ( S ,y;Q; B 2 ) 

x e 27ri(y,miAi+m2A2) 



E 



m ^f_ l m^m^ 2 (mi + m 2 ) S3 (2mi + m 2 ) Si ' 

7712 = 1 (mod 2) 



(4.25) C 2 (s,y;PSj,(2)) = C2(s,y;0;C 2 : 



E 



e 27ri(y,miA 1 +m 2 A2> 



m ^T'-i m^ 1 771.2 2 (77T,l + ?T7 2 ) S3 (mi + 2?77 2 ) S4 ' 

m^=l (mod 2) 

(4.26) Cs(s, y; 50(7)) = ( 3 (s, y; Q; S3) 

x e 27ri(y,miAi+r?i2A2+m3A3> 



E 

,m,2 ,7T. 
7713 = 1 (mod 2) 



_ i m^m^m^ 3 (mi + m 2 ) S4 (m 2 + m3) S5 (2m 2 + m3) S6 



1 



(mi + m 2 + m3) S7 (mi + 2m 2 + m3) S8 (2mi + 2m 2 + m 3 ) S9 
(4.27) Cs(s, y; PSp(3)) = ( 3 (s, y; Q; C 3 ) 

x e 27ri(y,miAi+m2A2+m3A3) 



E 



_ i mj'm^mj'fmi + m 2 ) S4 (m 2 + m 3 ) S5 {m 2 + 2m3) S(i 

771-^=7713 ( m °d 2) 

1 

(mi + m 2 + m3) S7 (mi + m 2 + 2m3) S8 (mi + 2m 2 + 2m3) S9 

Now we evaluate special values. Consider the case G = PSp{2). Theorem 13.21 of C 2 
type with v = y = gives that 

(4.28) C2((2ft, 21, 21, 2k); PSp(2)) G Q • vr 4 ( fc+ ') 



15 



for k, I G N. Actually we have already given the generating function of C 2 type (see |15|. 
Examples 1]) and also the generalized Bernoulli function J > ((2, 2, 2, 2), y; C 2 ) (see [T51 
Examples 3]). Similarly we can give explicit forms of CP((2/c, 21, 21, 2k), y; C2) (fe, / £ N), 
though it is too complicated to describe them here. (We will give the explicit form 
of 1P((2, 4, 4, 2, y; C 2 ) in Appendix.) Using these results, we can obtain the following 
explicit formulas: 

C 2 ((2,2,2,2);P5p(2)) 



322560' 



9Q 

C 2 ((2,4,4,2);P5p(2)) = ir 12 , 

' ' ' h Fy 11 3832012800 ' 

13 

C 2 ((4,4,4,4);P5p(2)) = 557941 4 Q ; 9 368000 ^. 

We will give another type of evaluation formulas in the following sections (see Examples 
5T81 and 1631). 



Remark 4.5. From (|1.4|) and (|1.7|) we see that the original volume formula of Witten 
is restricted to the case s = 2(A; a ) ag A + ) where all the k a s are the same. Our Theorem 
3.21 is able to treat a wider class of special values, such as the (2, 4, 4, 2) and (4, 2, 2, 4) 
cases in the above. 



5. Functional relations and various evaluation formulas 

In the preceding section, we gave explicit forms of several zeta-functions of Lie groups, 
and especially gave some evaluation formulas in the cases of A2 , C2 and ^3 types at even 
integer points, by computing generating functions of their values. However, it seems a 
difficult problem to evaluate zeta-functions of Lie groups at arbitrary positive integer 
points by that method. In this section, we give various evaluation formulas for zeta 
values in the cases of A2 and C 2 (~ P 2 ) types, by proving certain functional relations 
among them which are analogues of our previous results given in \12\ [T4^ [To] |2"T| 152] . 
The advantage of the method in this section is that it may treat the special values at 
s = 1 = (l a )aeA + , la G N and some of them are odd. 

First we consider C 2 (s;PC/(3)) = C2(s, 0; Q; A2) and prove the following theorem, 
where (p(s,a) is the Lerch zeta-function defined by (|2.13p . . 

Theorem 5.1. For p, q E N, 

3|c2«P,?,s)|PC7(3)) + (-l)'C2((p,s,9);W(3)) + (-l)«C 2 (( 9 ,s,p);PC/(3))| 

(5.1) = " t (" + 1 1 r ') t Br (I) «• + + « " * 

r=0 V y y ' a=0 

t=0 V y 7 a=0 

holds for s £ C except for singularities of functions on the both sides. 
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Example 5.2. It should be emphasized that Theorem 15.11 gives evaluation formulas 
for ^2 b, c); PU (3)) when a + b + c is odd. For example, putting (p, q, s) = (1, 1, 1) 
in (|5.ip . we have 

86«i, M); ro(s» = B-D r E b t (I) £ £; 

r=0 a=0 m=l 



(5.2) 

We can easily check that 

(5-3) E ^ (| 

a=0 

Then (15.21) can be rewritten to 



^ (27Ti) 



T=0 



a=0 



m=l 



1 

"2 

1 1 



(/ = (mod 3)) 

3 " iTs* ^ = 1 ( m ° d 3 ^ 
L 2 + 2V3 



L + -U (I = 2 (mod 3)). 



2 27T 

(5-4) C 2 ((l, 1, 1); PU(3)) = -C(3) + ^=L(2, X3 ), 

where we denote by \3 the primitive Dirichlet character of conductor 3. This is an 
analogue of C2((l, 1, 1); SU(3)) = 2((3) (see [26]). Similarly, setting (p,q,s) = (1,2,2) 
in (|5.ip . and using the relations (|5.3p and 



(5-5) 

we can obtain 



I>^2 



a=0 



i (i = (mod 3)) 
| = 1,2 (mod 3)), 



1 35"7T 2 27T 

(5.6) C 2 ((2,2,l);Pt/(3)) = --C(5) + w ((3) - g^&Xs). 
The above formulas (|5.4j) and (|5.6|) can also be deduced by using 

(5.7) 0( S , 1/3) - 0( S , 2/3) = 2i f; Sln(2 7 /3) = V3 iL (s, X3 ) 

m s 



m=l 



instead of (|5.3p . (|5.5[) . A more general result will be given in the next section (see 
Theorem 16. ip . 

By the partial fraction decomposition, we have 



C 2 ((l,l,l);PC/(3))= ( T s 

^— ' mnim + n) 

rn , n= 1 x ' 

m = n (mod 3) 



Hence combining with (|5.4p we obtain 

1 



^ E 



— ' mfm + n) 

.n— 1 v y 

m=n (mod 3) 



2 ' 



(5.8) 



E r ^ ^2 = 4c(3) + ^^(2, x 3 ). 
m(m + raj' 2 27 3^/3 



m = n (mod 3) 
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This can be regarded as a formula for a partial sum of the double zeta value, analogously 
to the well-known result given by Euler (cf. [S]): 

oo 1 

y —< — v?=c(3). 

z — ' m(m + nV 

m,n=l v ' 

Remark 5.3. Setting (p,q,s) = (2k, 2k, 2k) in Theorem 15.11 and using the fact 

• | M 2nimx 

(5.9) BAx) = lim V — (j G N: < se < 1) 

v ' m=—M 

(see [U p. 266]), we obtain 

(5.10) ( 2 {(2k,2k,2k);PU(3)) 

~^^ V 2k- 1 r! (6*-r)! ( " G N) ' 

which is an explicit form of (|3.2p for PU(3) and includes (|4.8p - (|4.1ip . 

Now we give the proof of Theorem 15.11 We first prepare the following lemma which 
can be proved by the same method as introduced in [T3]. In fact, this lemma in the 
case when p and q are even has already been proved in [HI (7.55)]. We use the notation 
0(s) := <j)(s, 1/2) = (2 1 - 3 - l)C(s) and e m := (1 + (-l) m )/2 for m G Z. 

Lemma 5.4. For p G N, s£R with s > 1 and x G C u>i£/i |x| < 1. 
^ lPm s (l + m)i 

1*0, m>l v ' 



j=0 5=0 v ^ 7 m=l s ' 

j=0 £=0 v y 7 m=l s ' 

/ioWs for 9 G [— 7T, 7r]. 

Proof. For p G N, it is known that (see, for example, (4.31), (4.32)]) 
(5.12) Inn £ L_i_ = 2 £ _ j)£p _.±> (9e(-n,ir)). 

-L<l<L 7= 

Note that the left-hand side is uniformly convergent for 9 G (— vr,7r) (see [35, § 3.35]), 
and is also absolutely convergent for 9 G [— tt, it] when p > 2. First we assume p > 2. 
Then, for 6> G [-vr,vr], it follows from (pTT2"j) that 



(5.13) 



lei. 7 =o J / m=l 

1*0 J 
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where the left-hand side is absolutely and uniformly convergent for 9 E [— tt, tt]. There- 
fore we have 

!gz, j=o U=l J 

(5.14) !+m^0 



-ir 1 E 



OO r 



m=l 

for 9 E [—tt, tx\. Now we apply [14} Lemma 6.2] with d = q E N. Then we obtain (|5.1ip 
for p > 2. 

Next we prove the case p = 1. As we proved above, (|5.11|) in the case p = 2 holds. 
Replacing x by —xe l9 in this case, we have 

^ {-l) l x m e iW 



' l 2 m s (l + m)i 



j=0 5=0 V * 7 m=l s ' 



->■— n t— n \ / on — 1 



j=0 5=0 v m=l s ' 

for E [— vr,7r]. We denote the first, the second and the third term on the left hand 
side of (|5.15p by Ii(9), hid) and h(9), respectively. We differentiate these terms in 9. 
We can easily compute I'i(9) and I^ifi). As for I'^(6), we have 



q f 3 oo 

i'M = 2 e Hq - j)e q -A - * Eu + j - e)(-i) E 

o— fl V C — C\ rrr, — 1 



(-l) m x m e- ime (i0)' 

j=0 v 5=0 m=l s 



5=1 m=l J 



Note that as for the second member in the curly brackets on the right-hand side, £ 
may also run from 1 to j + 1 because 1 + j — (j + 1) = in the summand. Hence, by 
replacing £ — 1 by £, we have 

j=0 5=0 m=l v 

Thus, we see that (I[(9) + + ^3(0)) A> replacing x by — xe* e , gives (|5.11|) in the 
case p = 1. This completes the proof. □ 

Here we quote the following lemma given in |15l Lemma 9.1]. Note that the assertion 
in [15\ Lemma 9.1] is stated only in the case that p is even. However, we can easily 
check that the assertion holds for any p E N as follows. 
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Lemma 5.5. Let t G [0, 2ir) C M, and h : No — > C be a function (which may depend on 
t). Then, for p G N, 

(5.16) 

j=0 £=0 5=0 v L J y 

Put 6> = t - 7T (0 < t < 2vr) in (|5XT]) and multiply by the both sides. Then, 

using Lemma 15.51 we have the following. Note that this can be derived by a certain 
transformation of a result of Nakamura |22[ Theorem 3.1] when \x\ = 1. 

Lemma 5.6. For p, q G N, s,t£R with s > 1 and i G [0, 27r) ; and x G C wni/i |x| < 1, 

V — - + (-D pS T^^ + (-i) 9 V 

Z^ iPmli 1 4- m\ s y ' Z— ' lPrnSfl + rn\<l V 7 ^— ' 



^ lPmi(l + m) s y ' ^ lPm s (l + m¥ ^ lim s (l + m)P 

l,m=l V ; l,m=l y ' l,m=l V ' 

p.17) = -£ f'+'-'-'li-irE-^M^fU 



m s+ ?' + 9- r r! V 2vr 

r=0 m=l x v 

' / p + g - T _i\^ x m (2viy B nt_ 

^ V P - 1 / ^ m s +P+<?- T r! T V I 2vr 

r=0 V ^ 7 m=l v <• 

Using these results, we give the proof of Theorem 15.11 as follows. 

Proof of Theorem \5. 1[ Let x = e~ 2lt and further let t = 2na/3 (a = 0, 1, 2) on the both 
sides of ()5.17p . Then, summing up with a = 0,1,2 and using the fact for q = e 27 ™/ 3 
that 

'3 iV = 0(mod3) 
iV^0(mod3), 



a=0 

we have 



3 J V 1 ( UP v 



lPmi(l + m) s y ' lPm s (l + m)i 

m (mod 3) l = m (mod 3) 

+ V l - 1 

v ; ^ lim s (l + m)P \ 

i,m>l V ' ' 

l = m (mod 3) 

r=0 v y 7 u=0m=l 

f /p + «-r-i\f f _T_Wl fl /ran 

^ 1 P-1 m ^+P+9-^ r! r V I 3 J / ' 

i n V r ' n— dm — 1 



t=0 a=0 m=l 

Noting (|4.5|) and using Proposition 12. 3\ we complete the proof of Theorem 15.11 □ 
Secondly we consider the case of C 2 type, namely the zeta-function 

C 2 (s;PSp(2)) = C 2 (s,0;Q;C 2 ) 
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y I , 

| mj'm^mi +m2) S3 (mi +2m2) S4 ' 



m l : m 2 

m-^ = l (mod 2) 



defined by (|4.25p with y = 0. Here, we aim to prove a C2 type analogue of Lemma [5,61 
It is noted that we already studied the zeta-function of C2 type in [21 Section 8] and 
[151 Section 9]. In fact, using the same method as in the proof of [151 (9-8)], we can 
obtain 



giit ^ g— lit 



(5.18) l Prn s(l 1 rn\q(l l OmV 



lPm s (l +m)i(l + 2m) r (-l)% s (-I + m)«(-l + 2m)' 

m>l m>l 

A ^1 fcj + r - 1\ (p + q - 1 - g - uA (-l)P-g (2vr^ 

^ ^ V w A g - 1 7 2 r + w £! 
5=0^=0 v / \ y / s 

x((s + p + g + r- (t/2vr) 

x 4>(s + p + q + r - f , -t/2ir)B i (t/2ir) 



r p—1 

+ EE 

5=0 w=0 



r <J-1 



V Q-l )2 r -^+ 1 £! 
X<f)(s+p + q + r-£, -t/ir)B£ (t/2Tv) 

+ r-£\fp + q-2-cj\, 1 ,„_ w (2irt) € 



5=0 w=0 



+eei „ x T-i M' t! 



(s + p + g + r-e, -t/^)B i (t/2n) = 



for p,q,r 6 N and s,t £ M with s > 1 and £ 6 [0,27r). Actually, this equation 
with replacing (p, q, r) by (2p, 2q, 2p) coincides with [151 (9-8)] in the case (rj, p, 5, r) = 
(t, 0,0,0). As for the second term on the left-hand side of (|5.18p . we split the sum 
into two parts according to the conditions I < m or I > m, and transform variables as 
j = m — l(> 1) when I < m, and j = I — m{> 1) when I > m. In the latter case we 
further split the sum according to j < m or j > m (that is, I < 2m or I > 2m). Then 
we can see that (|5.18p implies the following. 



(5.19) 



giii ^ g— ilt 



v * + (-i)p y - 



lPm s (l + m)i{l + 2m) r v ' ^ lPmi(l + m) s {l + 2m)' 



i>l v / \ ' / ;>! 

m>l m>l 



-i(l+2m)t -i(l+2m)t 
_|_ (_\\P+1 |_ (_l)P+<l+ r 



+EE 

5=0 w=0 



l r mi{l + m) s {l + 2m)P v ' l r m s (l + m)i(l + 2m)P 

m > 1 ?n > 1 

w + r-l\/p + g- l- f-uA (-l) p_? (2vri)« 
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x((s+p + q + r- (t/2ir) 

EE(" + ; _1 )(' +, :iT { "")«- 1 ^^ 



x 4>{s + p + g + r - f , -t/2ir)B£ (t/2ir) 



r p— 1 



EE 

5=0^=0 



Co' 



+ r- A /p + g-2-uA (-I)p (2vri)^ 



w / V 9 - 1 / 2 r -€+^+i £! 
x 0(s + p + g + r - £, -t/ir)B(. (t/2n) 

/ uj + r-£\(p + q-2-uj\ , p _^ + i (2?ri) € 



+ee„ : <- ir " +i t! 

x 0(s + p + g + r - f , -t/ir)B £ {t/2%) = 0. 

Denote the left-hand side by H(t), namely ()5.19p implies H(t) = for any t £ [0, 27r). 
Let t = 0,7T. We note that e ±i ' 7r = e -i(*+2m>r = (-1)' for Z,m G N. Also we have 
0(s,O) = 0(s,-l) = C(s), 0(s,-l/2) = = (2 1 - 9 - l)C(s). Therefore, considering 
(H(0)—H(tt))/2 = and noting (|4.25p . we have the following result by the meromorphic 
continuation similarly to Theorem 15.11 

Theorem 5.7. For p,q,r G N, 

(5.20) Ca((p, «, 9, r); P5p(2)) + (-l) p C 2 ((p, q, s, r);PSp(2)) 

+ (-l) p+9 C 2 ((r, g, s,p); PSp(2)) + (-l) p+9+r C 2 ((r, s, g,p); P5p(2)) 



cj + r 



l\fp + q-l-£-ui\ {-l) p -t (2vrj)^ 



p p-€ 

EE, 

w A q-l } 2 r +" £! 

,S f (0) - B t (1/2) 
x C(g+P + g + r-g) gV ; 2 

y^yv/o; + r-l\/p + g- l- C-w\ ^ ^p_ M 

5=0 w=0 

x((s + p + g + r-() 



u; / \ p — 1 / £! 

B^0) - (p-'-P-i-r+t - 1) Bt- (1/2) 



2 

r p— 1 

+EE 



w + r-A^p + g-2-c^ {-If (2ttz) 5 



5=0 w=0 

x((s + p + g + r-() 



/ - 1 / 2 r -«+^ +1 £! 
S f (0)-B { (l/2) 



+EE( w+ rOf p+ i:M(-^ +i ^ 

5=0^=0 v 



uj J \ p — 1 J £! 



,5,(0) -5 f (1/2) 
x C(s + P + g + r-g) gV ; - gV 1 ' =0 

ZioWs /or s G C except for singularities. 

Example 5.8. By Theorem 15.71 we can evaluate C 2 ((«, b, c, d); PSp(2)) in some case 
when a + b + c + d is odd. For example, setting (p, s, g, r) = (2, 1,1,1) and (2, 3, 3, 5) in 
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(|5.20p . we have 

C 2 ((2, 1, 1, l);PSp(2)) = -C(2)C(3) - -C(5), 

1 c 1 7Q7Q 81 Q1 

C 2 ((2,3,3,5);PSp(2)) = -^C(4)C(9) - ^C(2)C(U) + f^C(13). 

In general, it seems to be difficult to evaluate C2((ra, &, c, d); PSp{2)) for arbitrary 
a, b,c,d £ N. We will further consider this problem in the next section. 

Remark 5.9. Putting (p,s,q,r) = (2k, 21, 21, 2k) (k,l G N) in (100]) . we can see that 

( 2 ((2k,2l,2l,2k);PSp(2)) 

can be expressed as a polynomial in C(4& + 41 — ^)(ivr)^ with Q-coefficients. Since 
( 2 ((2k,2l,2l,2k);PSp(2)) £ E, we see that the part consisting of the terms of ((4k + 
41 — £)(nr)^ for odd £ vanish. On the other hand, for even £, each term belongs to 
Q • -K^ k+l \ Thus we recover K28h . 



6. Parity results 

Euler proved that the double zeta value (of weight p + q) 

(2(p,q) = J2 v( j. \a (P^GN;g>2) 
^-^ mP(m + n)i 

m>l V ' 

n>l 

can be expressed as a polynomial in {((j + l)\j £ N} with Q-coefficients (cf. [9]) if 
its weight p + q is odd. This property is often called the parity result, and has been 
generalized to that for multiple zeta- values (see [8j [30] ) . 

It is an interesting problem to ask what kind of multiple zeta values has this type 
of properties. Tornheim (see [26J, Theorem 7]) proved that C2((o 5 b, c), 0; SU(3)) = 
C2((«> b, c), 0; P, A 2 ) has this property, that is, it can be expressed as a polynomial 
i n {CO + 1) \j £ ^} with Q-coefficients if its weight a + b + c is odd. This re- 
sult has been generalized by the third-named author [3.1J to the case of multiple 
Mordell- Tornheim zeta values. Also the third-named author (see |29j ) proved that 
C2((a, b, c, d),0; Sp(2)) = (2({b, a, c, d), 0; Spin(5)) has this property, which is an exten- 
sion of the result of Apostol and Vu [2] . 

In this section we first prove the following fact, which is a PU(3) type analogue of 
Tornheim's result stated above. 

Theorem 6.1. Let a,b,c E N. If a + b + c is odd then (2((a, b, c); PU(3)) can be 
expressed as a polynomial in {4>(j; a/3) \ a £ {0, 1, 2}, j £ N} with Q[ir,i\- coefficients. 

Proof. Denote by X the set of polynomials in {(p(j;a/3) \a £ {0,1,2}, j £ N} with 
Q[tt, ^-coefficients. Then we see that the right-hand side of ()5.ip with (p, q, s) = (c, a, b) 
is in X. First we consider the case a is odd and b, c is even, namely a + b + c is odd. 
Then, by (|5.1|) . we have 

C 2 ((c, a, b);PU(3)) + C 2 ((c, b, a);PU(3)) - ( 2 ((a, b, c); PU(3)) £ X. 
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Also, setting (p, q, s) = (c, b, a) in (|5.ip . we have 

C 2 ((c, a, b); PU(3)) + ( 2 ((c, b, a); PU(3)) + ( 2 ((b, a, c); PU(3)) € X. 

Note that C2((p, Q, r); PU(3)) = C2((<7>P> r); PC/(3)). Hence, these imply the assertion 
C2((a, b, c); PC/(3)) G X. As for other cases, we can similarly prove their assertions. □ 

Example 6.2. Setting (p,q,s) = (1,3,5) and (1,5,3) in (|5.ip . we have 

C 2 ((l, 3, 5); PU(3)) - C 2 ((l, 5, 3); PU(3)) - C 2 ((3, 5, 1); PU(3)) 

A 7J-2 A O-Trj 

= - gC(9) + yC(7) - -(0(9, 1/3) + 0(9, 2/3)) + —(0(8, 1/3) - 0(8, 2/3)) 

- 27(0(7, 1/3) + 0(7, 2/3)) + W (0(6, 1/3) - 0(6, 2/3)), 

C 2 ((l, 5, 3); PU(3)) - C 2 ((l, 3, 5); PU(3)) - C 2 ((5, 3, 1); PU(3)) 
2 4 

= -2C(9) + y C(7) + ^C(5) - 2(0(9, 1/3) + 0(9, 2/3)) 

977-7 7T^ 

+ —(0(8, 1/3) - 0(8, 2/3)) - -(0(7, 1/3) + 0(7, 2/3)) 

47T 3 ?' 137T 4 

+ ^(^6, 1/3) - 0(6, 2/3)) - ^(0(5, 1/3) + 0(5, 2/3)) 

+ —(0(4,1/3) -0(4,2/3)). 
Combining these results and noting C2((3, 5, 1); PU (3)) = C2((5, 3, 1); PU(3)), we have 

C 2 ((3, 5, 1); PU(3)) = |C(9) - y C(7) - ^C(5) 

+ |(0(9, 1/3) + 0(9, 2/3)) - ^(0(8, 1/3) - 0(8, 2/3)) 
+ ^(0(7, 1/3) + 0(7, 2/3)) - ^(0(6, 1/3) - 0(6, 2/3)) 

1 37T 4 2-7T 5 ? 

+ ^ (<^ 1/3) + 0(5, 2/3)) - 2^(0(4, 1/3) - 0(4, 2/3)). 

Moreover, since 

0(s, 1/3) - 0(s, 2/3) = V3iL(s, X3 ), 1/3) + 0(s, 2/3) = (3^ - l)C(s) 

as noted in Example 15.21 we find that C2((3, 5, 1); PU(3)) can actually be written in 
terms of Riemann-zeta values and values of the Dirichlet L- function attached to X3- 

Next consider the C 2 case. Since we have already known the parity result for 
£ 2 ((a, 6, c, d); Sp(2)) ( [29J ) , it should be not surprising to know that the following parity 
result for ^ 2 ((a, 6, c, d); P5p(2)) holds. 

Theorem 6.3. Let a, b,c,d£ N. If a + b + c + d is odd then C2((«, b, c, d); PSp(2)) can 
be expressed as a polynomial in {((j + 1) | j 6 N} with Q- coefficients. 

In this case, we cannot directly obtain the assertion from Theorem 15.71 unlike the 
case of PU(3). In fact, even if we use (|5.20p . it seems unable to obtain an expression 
of Ca((l) 2, 2, 2); PSp(2)) because this value vanishes if we set (p,s,q,r) = (1,2,2,2) 
or (2,2,2,1) in (I5.2U|) . Hence we use another method as follows. First we quote the 
following. 
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Lemma 6.4 ([33], Theorem 4.1). Let 

(6.1) 7 T ^(k, l,d) = J2 (2/ + T )a( 2m + ^)b(2l + 2m + r + //)< 



l>0 
m>0 



for k,l,d E N and t,h E {1,2}. Suppose k + 1 + d is odd, then 7 T ^(k,l,d) can be 
expressed as a polynomial in + 1) | j E N} ure£/i Q- coefficients. 

It should be noted that the assertion in |33t Theorem 4.1] includes a condition 
d>2. However, by examining its proof, we can remove this condition. More precisely, 
we know that [331 Theorem 4.1] can be derived from [33, Theorem 3.4] which includes 
a condition d > 2. We can easily check that |33t Theorem 3.4] holds for d = 1 if we 
interpret the empty sum as in its statement. Thus [33; Theorem 4.1] holds for d = 1 
which implies the above lemma. By this lemma we can prove Theorem 16.31 as follows. 

Proof of Theorem 1 6, 51 First we use the relation 

re 2) ( ~ 1)c = V ( c + d ~ 3 ~ l \ ( iv 1 

V ' J X c (X + Y) d c-j ) y ' Y c+d -3Xi 



+E 



c+d-j-1 



d-j J Y c + d ~i(X + Y)i 



for c, d E N, which can be elementarily proved by induction on c + d by using the partial 
fraction decomposition repeatedly. Therefore, setting (X, Y) = (2Z + l + m,m) in (|6.2p . 
we see that 

(6.3) 

(-iyC 2 (a,b,c,d;PS P (2)) = g ^ - - ^ j - J - ^ 

m>l 

-Ef^zrV^E 



c-j y v ; ^ (2/ + l) a m b+c+d -i (21 + 1 + m)J 

m>l 



c + d - j - 1\ ^ 1 



V d ~ / 1^ ( 2/ + l)°ra 6+c+d "~ j (2Z + 1 + 2m)J 

m>l 

^Ef C+d I J_lN ) (-1)' {£i,i(a, 6 + c + d - j, j) + T lj2 (a, 6 + c + d - j,j)} 

j=l V C J / 

+ jZ ( ( + d d ~_)~ l ) 2 6+C+ ^i,2(a, b + c + d — j,j). 



Hence, by Lemma 16.41 we obtain the assertion. □ 

Example 6.5. As we noted above, it seems to be unable to obtain an expression of 
^((1, 2, 2, 2); PSp(2)) in terms of C( s )> from (|5.20p . Hence we use (|6.3|) . Then we have 

(6.4) Ca((l, 2, 2, 2); PSp{2)) = -2Ti,i(l, 5, 1) + 62T li2 (l, 5, 1) 
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+ Ti,i(l,4,2) + 17Ti, 2 (l,4,2). 

By the method used in [331 Section 4], we can obtain 

105 Q3 381 

Iu(l,5,l) = - M <(3)C(4)--C(5) C (2) + -C(7), 

7 31 127 

^(1,5,1) = -^C(3)C(4) - ^C(5)C(2) + ^C(7). 

^(1,4,2) = l|<(3) C (4) + ?|c(5)<(2)-^<(7), 

7 183 635 

I 1 , 1 (1,4,2) = -C(3)C(4) + -«5)C(2)--C(7). 

Substituting these results into (|6.4p . we obtain 

827 13Q7 
C 2 ((1,2,2,2);P^(2)) = -JL C(5)C(2) - -^(7). 

Appendix 

As stated at the end of Section [H here we give the explicit form of CP((2, 4, 4, 2, y; C 2 ) 
as follows: 

?((2,4,4,2,y;C 2 ) 

187169 fa} 1577fa} 2 fa} 3 _ 157fa} 4 _ fa} 5 613fa} 6 



435891456000 684288 479001600 103680 14515200 51840 43545600 
47fa} 7 127fa} 8 89{ Vl } 9 901fa} 10 53fa} n 443fa} 12 
2419200 14515200 4354560 43545600 7257600 479001600 
ljKgyi - V2} 347{2yi - y 2 } 2 {2 Vl - y 2 f {2 Vl - y 2 } 4 {vi - f } 
47900160 958003200 14515200 29030400 748440 

748440 748440 748440 1069200 

i (i+j/i^iHi+n! {K^i-f} 2 {^ + f} 2 U + f} 4 

37800 37800 340200 

{i+ w - 1 } ii + f r + (i+^irii+ir + a + f r 



11340 11340 340200 



8100 8100 226800 

{K^-f}{^ + f} 8 + {^ + yi-f} 2 {^ + f} 8 U + f} 9 



7560 7560 68040 



11340 11340 68040 

56700 56700 155925 

i ii+f} 12 1 {f} 2 , fa-f}(fi 2 {yi-fVm 2 m 



935550 1069200 37800 37800 340200 

{m - f } {f } 4 + {i/i-f} 2 {f} 4 ilT {yi - f } {f } 6 



11340 11340 340200 8100 
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{yi - f } 2 {f } 6 + {f } 8 {w - f } (f } 8 , {w - f } 2 (f } 8 {f } 



8100 226800 7560 7560 68040 

+ - f } {f } 9 (yi - f } 2 (f } 9 , {f } 10 {w - f } {? r 



11340 11340 68040 56700 

+ fa~f} 2 {f} 10 _ (ST + {fT _ 19{-2, 1+ ^ 2 } + 71{ yi }{-2 yi + , 2 } 



+ 



56700 155925 935550 47900160 29937600 

19{ yi } 2 {-2 yi + y 2 } 17{i/i} 3 {-27/ 1 + y 2 } 19fai} 4 {-2|/ 1 + y 2 } 
2419200 ' ' 1088640 725760 



{ yi } 5 {-2y 1+ y 2 } 19{yi} 6 {-2yi+y 2 } { Z y 1 } 7 {-2 Z/1 + 7/2} 

32400 518400 36288 

23{y 1 } 8 {-2t/ 1 +t/ 2 } 131{yi} 9 {-2yi+y 2 } 89{ Vl } 10 {-2 Vl + y 2 } 

483840 ' " 2177280 ~" " 3628800 

{ yi } n {-2 yi + y 2 } 347{-2 Vl + y 2 } 2 { yi }{-2 Vl + y 2 } 2 
285120 958003200 604800 

_ lHyi} 2 {-2yi+V2} 2 _ {yif{-2yi + y 2 } 2 23{ yi } 4 {-2 yi + y 2 } 2 
1814400 90720 

It/i ) 5 l-2?y 1 + w,) 2 lHui ) 6 l-2y 1 + w,) 2 



1814400 90720 967680 

fa} 5 {-2i/i+|/ 2 } 2 Hfai} 6 {-2iyi + iy 2 } 2 fai} 7 !^ + y 2 } 2 

43200 345600 26880 

fa} 8 {-2iyi+j/ 2 } 2 23{ yi } 9 {-2 yi + y 2 } 2 l9fa 1 } 10 {-2j /1 +j /2 } 2 

15360 725760 3628800 
+ {-2yi+y 2 } 3 {yi}{-2 Vl + y 2 } 3 {yi} 2 {-2 yi + y 2 } 3 , {yi} 3 {-2 yi + y 2 } £ 

+ 



14515200 907200 725760 136080 

{ yi } 4 {-2y 1+ y 2 } 3 { yi }5{-2y 1+ y 2 } 3 {yi} 6 {-2 yi + y 2 } 3 



207360 64800 103680 

ll{ yi y{-2 yi +y 2 f { yi Y{-2y 1+ y 2 Y {yi} 9 {-2 Vl + j/ 2 } 3 

362880 53760 272160 

{-2yi+i/ 2 } 4 {yi} 2 {-2yi+y 2 } 4 {j/i} 4 {-2?/i + 2/ 2 } 4 

29030400 1451520 414720 

{ yi f{-2 yi+y2 Y { yi } 7 {-2y 1+ y 2 } 4 {m} 8 {-2 m + y 2 } 4 {- Vl + y 2 } 

207360 241920 967680 684288 

71{2yi - y 2 }{-yi +y2} {2y\ - y2} 2 {-yi + ^2} _ {2yi - ^} 3 {-j/i + 2/2} 

29937600 604800 907200 

1577{-yi + i/ 2 } 2 19(21;! - y 2 }{-yi + y 2 } 2 13{2 V1 - y 2 } 2 {- yi + y 2 } 2 

479001600 " " 2419200 ~ ' ~ ' ~ 1814400 
{2y l -y 2 Y{-y 1 + y 2 } 2 {2 Vl - y 2 } 4 {-yi + y 2 } 2 {-yi + y 2 } 3 

725760 1451520 103680 

17{2yi -y 2 }{-yi + y 2 } 3 {2 Vl - y 2 } 2 {-yi + y 2 } 3 , {2 yi - y 2 } 3 {-yi + y 2 f 



+ 



1088640 90720 136080 

157{- yi +y 2 } 4 19{2 yi -y 2 }{- yi + y 2 } 4 23{2 yi - y 2 } 2 {-yi + y 2 } 4 



14515200 725760 + 967680 

{2yi -y 2 } 3 {-yi + y 2 } 4 {2yi-y 2 } 4 {-yi + y 2 } 4 {-yi+y 2 } 5 



207360 414720 51840 

{2yi -y 2 }{-yi +2/2} 5 , {2yi - y 2 } 2 {-2/i + {2yi - 2/ 2 } 3 {-?/i + 2/ 2 } 5 



+ 32400 43200 64800 

613{-|/i +y 2 } 6 19{2y 1 -y 2 }{-y 1 + y 2 } 6 ll{2 yi - y 2 } 2 {- yi + y 2 } 6 
43545600 518400 345600 
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{2y 1 -y 2 } 3 {-y 1 + y 2 } 6 {2 yi -y 2 Y{-y l + y2 y 47{- yi +y 2 } 7 

103680 207360 2419200 

{2j/i -2/2>{-yi +I/2} 7 _ {2yi - y 2 } 2 {-?/i + £/ 2 } 7 ll{2?/i - ?/ 2 } 3 {-£/i + ?/2 } 

36288 26880 362880 

{2yi-y 2 } 4 {-yi + m} 7 !27{- yi +y 2 } 8 23{2 m - m}{-m + m} 8 

241920 14515200 ~ ' ~ 483840 

{2t/i -ty 2 } 2 {-yi + ty 2 } 8 {2m - m} 3 {-m + m} 8 {2 yi -y 2 } 4 {- yi + y 2 } 8 

15360 53760 967680 

89{- yi +y 2 } 9 I3l{2 yi - y 2 }{- yi + y 2 } 9 23{2 Vl - y 2 } 2 {- Vl + y 2 } 9 

4354560 2177280 ~" " 725760 

{2y l -y 2 } 3 {-y 1 + y 2 f 901{-i/i+j/ 2 } 10 89{2i/! - y 2 }{-yi + y 2 } 10 

272160 43545600 3628800 

19{2t/i - |/ 2 } 2 {-t/i + y 2 } 10 53{- yi + y 2 } u {2 Vl - y 2 }{- yi + y 2 } u 

3628800 7257600 285120 

4431-1/! +ty 2 } 12 
479001600 
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